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SURFACES IN LAGUERRE GEOMETRY
EMILIO MUSSO AND LORENZO NICOLODI
Abstract. This exposition gives an introduction to the theory of surfaces
in Laguerre geometry and surveys some results, mostly obtained by the au-
thors, about three important classes of surfaces in Laguerre geometry, namely
L-isothermic, L-minimal, and generalized L-minimal surfaces. The quadric
model of Lie sphere geometry is adopted for Laguerre geometry and the method
of moving frames is used throughout. As an example, the Cartan–Ka¨hler theo-
rem for exterior differential systems is applied to study the Cauchy problem for
the Pfaffian differential system of L-minimal surfaces. This is an elaboration
of the talks given by the authors at IMPAN, Warsaw, in September 2016. The
objective was to illustrate, by the subject of Laguerre surface geometry, some
of the topics presented in a series of lectures held at IMPAN by G. R. Jensen
on Lie sphere geometry and by B. McKay on exterior differential systems.
1. Introduction
Laguerre geometry is a classical sphere geometry that has its origins in the work
of E. Laguerre in the mid 19th century and that had been extensively studied in the
1920s by Blaschke and Thomsen [6, 7]. The study of surfaces in Laguerre geometry
is currently still an active area of research [2, 37, 38, 42, 43, 44, 47, 49, 53, 54, 55]
and several classical topics in Laguerre geometry, such as Laguerre minimal surfaces
and Laguerre isothermic surfaces and their transformation theory, have recently
received much attention in the theory of integrable systems [46, 47, 57, 60, 62], in
discrete differential geometry, and in the applications to geometric computing and
architectural geometry [8, 9, 10, 58, 59, 61].
The fundamental elements of Laguerre geometry in Euclidean space R3 are ori-
ented planes, oriented spheres and points. The orientation is determined by a field
of unit normals and the basic relation among these elements is that of oriented
contact. Laguerre geometry distinguishes between oriented planes and oriented
spheres (including point spheres). To describe oriented planes, oriented spheres
and points in a uniform way we will use the quadric model of Lie sphere geometry
[7, 21, 31, 33]. In this model, all oriented planes, oriented spheres and point spheres
in R3 ∪ {∞} are in bijective correspondence with the points on a quadric Q in real
projective space RP5 given by the equation 〈a, a〉 = 0, where 〈 , 〉 is a nondegen-
erate scalar product of signature (4, 2) in R6. Oriented contact is determined by
the conjugacy relation with respect to Q. The 5-dimensional space Λ of lines in Q
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which do not meet the “point at infinity” {∞} is the underlying space for Laguerre
geometry. The transformations of Laguerre geometry are bijective, separately, on
the set QΠ of oriented planes and the set QΣ of oriented spheres (including point
spheres) in R3, fix the “point at infinity” and preserve oriented contact. In the
quadric model, the group of Laguerre transformations is a subgroup of the group of
Lie sphere transformations, which leave invariant the space of all oriented spheres,
oriented planes and point spheres in R3 ∪ {∞}. The Laguerre group is isomorphic
to the 10-dimensional (restricted) Poincare´ group [7, 21].
An immersed surface x : S → R3, oriented by a unit normal field n : S → S2,
induces a Legendre immersion f = (x, n) : S → R3 × S2 = T1R3 into the unit
tangent bundle of R3, endowed with the natural contact structure given by the 1-
form α(x,n) = dx·n. The space R3×S2 can be identified with Λ as contact manifold.
The Laguerre space is Λ ∼= R3 × S2 viewed as homogeneous space of the Laguerre
group. The Laguerre group acts on the Legendre lifts of the immersions rather
than on the immersions themselves, since it does not act by point-transformations.
The principal aim of Laguerre geometry is to study the properties of an immersion
which are invariant under the action of the Laguerre group on Legendre immersions.
Locally and up to Laguerre transformation, any Legendre immersion arises as a
Legendre lift. Thus, the study of Laguerre geometry of surfaces in R3 is reduced to
that of Legendre immersions in Λ ∼= R3 × S2. The most important tool to study
the Laguerre geometry of surfaces in R3 is the Laguerre position vector s : S → R6,
〈s, s〉 = 0, which corresponds to the classical middle sphere congruence, also known
as the Laguerre Gauss map. For a given immersion x : S → R3, by pulling back
〈 , 〉 via s we obtain a Laguerre invariant metric on S. This metric is conformal to
the third fundamental form III = dn · dn of the immersion x.
The purpose of this article is to survey some significant results concerning three
important classes of surfaces in Laguerre geometry, namely, L-isothermic, L-minimal,
and generalized L-minimal surfaces. These are the Laguerre geometric counterparts
of isothermic, Willmore, and generalized Willmore surfaces in Mo¨bius geometry (cf.
Remark 7.3). Traditionally, see the work of Blaschke and Thomsen [7], Laguerre
and Mo¨bius surface geometries have been developed in parallel as subgeometries of
Lie sphere geometry.
In Section 2, we recall the basic facts about Laguerre geometry in Euclidean
space using the quadric model of Lie sphere geometry.
In Section 3, we develop the method of moving frames for Legendre immersions
in the Laguerre space Λ and show how to construct a canonical frame field for a
Legendre immersion under the hypothesis of nondegeneracy.1
In Section 4, we discuss L-isothermic surfaces. A surface in R3 is L-isothermic if,
away from umbilic and parabolic points, it admits curvature line coordinates that
are isothermal (conformal) with respect to the third fundamental form [7, 44, 46].
L-isothermic surfaces are invariant under the Laguerre group and are characterized
as the only L-applicable surfaces.2 Moreover, the nontrivial family of surfaces
that are L-applicable on a given L-isothermic surface depends on one parameter.
This feature indicates that L-isothermic surfaces constitute an integrable system.
1cf. Section 3, Definition 3.3.
2cf. Section 4, Definition 4.4.
3For more details on the aspects of L-isothermic surfaces related to the theory of
integrable system and for the study of their rich transformation theory, including
the analogues of the T -transformation and of the Darboux transformation in Mo¨bius
geometry, we refer the reader to [45, 44, 46, 47, 49, 53, 60, 62].
In Section 5, we give an account of the theory of L-minimal surfaces. A smooth
immersed surface in R3 with no parabolic points is called Laguerre minimal (L-
minimal) if it is an extremal of the Weingarten functional∫
(H2/K − 1)dA,
where H and K are the mean and Gauss curvatures of the immersion, and dA
is the induced area element of the surface [6, 7, 43, 54]. The functional and so
its critical points are preserved by the Laguerre group. For a Legendre immersion
f = (x, n) : S → Λ, the Laguerre Gauss map is the map σf : S → QΣ which assigns
to each s ∈ S the middle sphere, that is, the oriented sphere of R3 of radius H/K
which is in oriented contact with the tangent plane of x at x(s). Away from umbilics
and parabolic points, it turns out that σf is a spacelike immersion into QΣ, which
is isometric to Minkowski 4-space R3,1. Actually, σf is a marginally outer trapped
surface (MOTS) in R3,1 (cf. [52, 53] and the literature therein). Interestingly
enough, one can prove that σf has zero mean curvature vector in QΣ ∼= R3,1
if and only if f is L-minimal [7, 43]. Associated to an arbitrary nondegenerate
Legendre surface there is a naturally defined quartic differential Qf and a quadratic
differential Pf (cf. Section 7). An interesting feature of L-minimal immersions is
that this quartic differential is holomorphic [43].
In Section 6, L-minimal surfaces are interpreted as integral manifolds of a suit-
able quasi-linear Pfaffian differential system on the manifold M = L × R4. The
basic techniques of the theory of exterior differential systems are applied to study
the Cauchy problem for this system. We first use Cartan’s test to prove that the
system is in involution and its solutions depend on four functions in one variable.
Then, we compute the polar equations of the system and apply the Cartan–Ka¨hler
theorem to solve the Cauchy problem.
In Section 7, nondegenerate Legendre immersions f whose associate quartic dif-
ferential Qf is holomorphic are considered. Such immersions are called generalized
L-minimal. We prove that a nondegenerate Legendre immersion f : S → Λ is
generalized L-minimal if and only if the immersion is L-minimal (in which case
Pf is zero), or is locally the T -transform of an L-minimal isothermic surface. Us-
ing this, L-minimal isothermic surfaces and their T -transforms can be character-
ized in terms of the differential geometry of their Laguerre Gauss maps. It is
proved that a Legendre immersion f : S → Λ is L-minimal and L-isothermic if
and only if its Laguerre Gauss map σf : S → R3,1 has zero mean curvature in
some spacelike, timelike, or (degenerate) isotropic hyperplane of R3,1. Moreover, f
is generalized L-minimal with non-zero Pf if and only if its Laguerre Gauss map
σf : S → R3,1 has constant mean curvature H = r in some translate of hyperbolic
3-space H3(−r2) ⊂ R3,1, de Sitter 3-space S31(r2) ⊂ R3,1, or has zero mean cur-
vature in some translate of a time-oriented lightcone L3± ⊂ R3,1. If the Laguerre
Gauss map of f takes values in a spacelike (respectively, timelike, isotropic) hy-
perplane, then the Laguerre Gauss maps of the T -transforms of f take values in
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a translate of a hyperbolic 3-space (respectively, de Sitter 3-space, time-oriented
lightcone). As an application of these results (cf. [53]), various instances of the
Lawson isometric correspondence [35] between certain isometric constant mean cur-
vature (CMC) surfaces in different hyperbolic 3-spaces and of the generalizations
of Lawson’s correspondence in the Lorentzian [55] and the (degenerate) isotropic
situations [1, 2, 34, 36], can be viewed as special cases of the T -transformation of
L-isothermic surfaces with holomorphic quartic differential.
For the subject of exterior differential systems and the Cartan–Ka¨hler theorem
we refer the reader to the monographs [16, 20, 24, 25, 29] and [40]. The summation
convention over repeated indices is used throughout the paper.
2. Preliminaries and definitions
2.1. Notation. Vectors in R6 are denoted by a, b, . . . , and the components of a
vector a with respect to the standard basis ǫ0, . . . , ǫ5 are indicated by a
j, j =
0, . . . , 5. Vectors in R4 are denoted by capital letters V,W, . . . , and the components
of a vector V with respect to the standard basis e0, . . . , e3 are indicated by V
a,
a = 0, . . . , 3. Vectors of R3 are denoted by u, v, . . . , and the components of a vector
v with respect to the standard basis are indicated by vi, i = 1, 2, 3.
For X ∈ gl(3,R) and B ∈ gl(4,R), we let
X̂ =
[
1 0
0 X
]
∈ gl(4,R), B˜ = KBK−1 ∈ gl(4,R),
where
K =


1√
2
1√
2
0 0
0 0 1 0
0 0 0 1
1√
2
− 1√
2
0 0

 , K−1 =


1√
2
0 0 1√
2
1√
2
0 0 − 1√
2
0 1 0 0
0 0 1 0

 .
For v ∈ R3 and V ∈ R4, we let v̂, V˜ and a(V ) be given by
v̂ = t(0, v) ∈ R4, V˜ = KV, a(V ) = t
(
1, V˜ ,
(V, V )
2
)
,
where ( , ) denotes the Lorentz scalar product of R4 given by
(V,W ) = −V 0W 0 + V 1W 1 + V 2W 2 + V 3W 3.
We let R3,1 denote R4 with the above Lorentz scalar product.
2.2. The Laguerre group. Let R4,2 denote R6 with the orientation induced by
the standard basis ǫ0, . . . , ǫ5 and the scalar product of signature (4, 2) given by
(2.1) 〈a, b〉 = −(a0b5 + a5b0)− (a1b4 + a4b1) + a2b2 + a3b3 = taηb,
where
η = (ηij) =

 0 0 −L0 I2 0
−L 0 0

 , L = [0 1
1 0
]
, I2 =
[
1 0
0 1
]
.
Let G be the identity component of the pseudo-orthogonal group O(η) of (2.1),
O(η) = {A ∈ GL(6,R) : tAηA = η}.
5The Laguerre group L is the subgroup of G consisting of all A for which A(ǫ5) = ǫ5,
i.e.,
L := {A ∈ G : A(ǫ5) = ǫ5}.
In other words, L is the 10-dimensional connected Lie group consisting of all uni-
modular 6× 6 matrices A satisfying the conditions
〈Ax, Ay〉 = 〈x,y〉, −〈A(ǫ1 + ǫ4), ǫ1 + ǫ4〉 ≥ 2, A(ǫ5) = ǫ5.
The Lie algebra of L is
l = {a = (aji ) ∈ gl(6,R) : ηikakj + ηjkaki = 0; aj5 = 0}.
2.2.1. Lorentz transformations, rotations, and boosts. Let G6 denote the group of
restricted Lorentz transformations of R3,1 and P10 = G6 ⋊ R
4 the corresponding
inhomogeneous group, the restricted Poincare´ group. Retaining the notation of
§2.1, every A ∈ L can be written in the form
(2.2) A(B;V ) =

 1 0 0V˜ B˜ 0
(V,V )
2
∗V˜ B˜ 1

 ,
where V ∈ R4, B ∈ G6, and for each W = t(W 0,W 1,W 2,W 3) ∈ R4,
∗V˜ W = −(V˜ 0W 3 + V˜ 3W 0) + V˜ 1W 1 + V˜ 2W 2.
The mapping
(2.3) G6 ⋊R
4 ∋ (B;V ) 7−→ A(B;V ) ∈ L
is an isomorphism of Lie groups, which also gives a representation of the group
E(3) = SO(3)⋊R3 of Euclidean motions into the Laguerre group,
(2.4) SO(3)⋊R3 ∋ (R; v) 7−→ A(R̂; v̂) ∈ L.
The image of (2.4) coincides with the closed subgroup of L consisting of all elements
A fixing the vector ǫ1+ǫ4. More explicitly, for (R; v) ∈ SO(3)⋊R3, where R = (rij)
and v = t(v1, v2, v3), we compute
(2.5) A(R̂; v̂) =


1 0 0 0 0 0
v1√
2
1+r1
1
2
r1
2√
2
r1
3√
2
1−r1
1
2 0
v2
r2
1√
2
r22 r
2
3
−r2
1√
2
0
v3
r3
1√
2
r32 r
3
3
−r3
1√
2
0
−v1√
2
1−r1
1
2
−r1
2√
2
−r1
3√
2
1+r1
1
2 0
tvv
2
ri
1
vi√
2
ri2v
i ri3v
i −ri1vi√
2
1


.
Let Bb ∈ G6 be the pure Lorentz transformation (pure Lorentz boost) of R3,1
given by the symmetric matrix
Bb =
[
β −β tb
−β b I3 + β−1tbb btb
]
,
where b ∈ R3, tbb < 1, is the relative-velocity vector and β = (1 − tbb)− 12 . We
let A(b) ∈ L denote the element of the Laguerre group corresponding to Bb by
means of (2.3), i.e., A(b) = A(Bb; 0). Since every restricted Lorentz transformation
B ∈ G6 has a unique decomposition as a product of a pure rotation R̂, R ∈ SO(3),
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followed by a pure Lorentz boost Bb, B = BbR̂, it follows that every Laguerre
transformation A ∈ L can be decomposed as a product
A = EA(b)T (s),
where, via (2.3) and (2.4), E corresponds to a Euclidean motion, A(b) corresponds
to a pure Lorentz transformation with velocity vector b ∈ R3, and T (s) corresponds
to the time translation τs :
t(V 0, V 1, V 2, V 3) 7→ t(V 0+s, V 1, V 2, V 3) of the Poincare´
group.
2.3. The structure equations of Laguerre group. For every A ∈ L, let Aj =
Aǫj denote the jth column vector of A. Thus, (A0, . . . , A5) is a Laguerre frame,
i.e., a basis of R6 such that
(2.6) 〈Ai, Aj〉 = ηij , A5 = ǫ5
and −〈A1+A4, ǫ1+ǫ4〉 ≥ 2, i, j = 0, . . . , 5. Regarding the columns Aj , j = 0, . . . , 5,
of A as R6-valued functions, there are unique 1-forms {ωij}{i,j=0,...,5} so that
dAj = ω
i
jAi,(2.7)
where ω = (ωij) = A
−1dA is the the Maurer–Cartan form of L, i.e., the left-invariant
l-valued 1-form ω = A−1dA.
Exterior differentiation of (2.6) and (2.7) yields the structure equations of the
Laguerre group:
0 = ωki ηkj + ω
k
j ηki,(2.8)
ωk5 = 0,(2.9)
dωij = −ωik ∧ ωkj .(2.10)
It follows that
ω = (ωij) =


0 0 0 0 0 0
ω10 ω
1
1 ω
1
2 ω
1
3 0 0
ω20 ω
2
1 0 −ω32 ω12 0
ω30 ω
3
1 ω
3
2 0 ω
1
3 0
ω40 0 ω
2
1 ω
3
1 −ω11 0
0 −ω40 ω20 ω30 −ω10 0


.
The left-invariant l-valued 1-form ω transforms by right translations according
to the rule
R∗A(ω) = A
−1ωA, ∀ A ∈ L.
2.4. Laguerre geometry in Euclidean 3-space: The quadric model. A null
line in R4,2 is a 1-dimensional subspace [a] ⊂ R4,2 spanned by a vector a such that
〈a, a〉 = 0. The space of all null lines gives rise to the quadric Q in real projective
space RP5 defined by the equation
〈a, a〉 = −2a0a5 − 2a1a4 + (a2)2 + (a3)2 = 0.
The quadric Q is called the Lie quadric [21, 30].
The Laguerre group L acts on the left on Q by A · [a] = [Aa]. This action has a
fixed point {[ǫ5]} (the “point at infinity”) and two nontrivial orbits,
QΣ = {[a] ∈ Q : 〈a, ǫ5〉 6= 0} ,
QΠ = {[b] ∈ Q : 〈b, ǫ5〉 = 0, b ∧ ǫ5 6= 0} .
7QΣ is a principal orbit, which is open and dense, while QΠ has dimension 3.
We will now provide a geometric description of the orbits QΣ and QΠ.
2.4.1. The space of oriented spheres. The orientation of a 2-sphere in Euclidean
space R3 is determined by specifying a field of unit normals: inward normals if the
radius is positive, outward normals if the radius is negative. An oriented sphere
with center p and signed radius r will be denoted by Sr(p). We allow r = 0, in
which case the sphere represents the point p; point spheres are not oriented. An
oriented sphere Sr(p), p =
t(p1, p2, p3), can be represented, alternatively, by a vector
V (r, p) = t(r, p1, p2, p3) of R4 or by a null line [a], spanned by
(2.11) a(r, p) = t
(
1,
r + p1√
2
, p2, p3,
r − p1√
2
,
tpp− r2
2
)
.
These two representations of oriented spheres are equivalent in that they are related
by the mapping
(2.12) R4 ∋ V 7−→ [a(V )] ∈ QΣ,
which is an equivariant diffeomorphism with respect of the action of the (restricted)
Poincare´ group on R4 and of the Laguerre Group L on QΣ, taking into account the
Lie group isomorphism defined by (2.3). The orbit QΣ may thus be identified with
Minkowski 4-space R3,1 acted on by the (restricted) Poincare` group.
In particular, point spheres are represented by the elements of
Q′Σ = {[a] ∈ QΣ : 〈a, ǫ1 + ǫ4〉 = 0} ,
and proper oriented spheres by the elements of
Q′′Σ = {[a] ∈ QΣ : 〈a, ǫ1 + ǫ4〉 6= 0} .
These two subsets are orbits for the action of the Euclidean group SO(3)⋊R3, but
are not preserved by the action of the full Laguerre group. A Euclidean motion
(R; v) ∈ SO(3) ⋊ R3 maps the sphere Sr(p) into the sphere Sr(p′) with the same
radius r and center p′ = Rp+ v. A time translation τs maps the sphere Sr(p) into
the sphere Sr′(p) with the same center p and signed radius r
′ = r + s. Finally,
a pure Lorentz transformation Bb, b ∈ R3, tbb < 1, takes the sphere Sr(p) to the
sphere Sr′(p
′), where
r′ = β(r − tbp), p′ = p+
(
(β − 1)
tpb
tbb
− βr
)
b.
2.4.2. The space of oriented planes. Next, we examine the 3-dimensional orbit QΠ.
The orientation of a 2-plane π ⊂ R3 is given by fixing a unit normal vector. For
h ∈ R, p ∈ R3, and n = t(n1, n2, n3) ∈ S2, let Πh(n) and Πp(n) denote, respectively,
the oriented plane with unit normal n and height h given by
Πh(n) =
{
x ∈ R3 : tnx = h} ,
and the oriented plane through the point p normal to n given by
Πp(n) =
{
x ∈ R3 : tn(x− p) = 0} .
The oriented plane Πp(n) can be uniquely represented by the null line [b(n, p)]
spanned by the null vector
(2.13) b(n, p) = t
(
0,
1 + n1
2
,
n2√
2
,
n3√
2
,
1− n1
2
,
tnp√
2
)
.
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Thus the points of QΠ represent the oriented planes of Euclidean space.
2.4.3. Oriented contact. Two oriented planes Πh(n) and Πh′(n
′) are in oriented
contact if they have the same unit normals, i.e., n = n′. Two oriented spheres
Sr(p) and Sr′(p
′) are in oriented contact if the Euclidean distance d(p, p′) between
p and p′ coincides with |r−r′|, that is, d(p, p′) = |r−r′|. This amounts to saying that
the Lorentz scalar product (V (r, p)− V (r′, p′), V (r, p)− V (r′, p′)) = 0. The sphere
Sr(p) and the plane Πh(n) are in oriented contact if n
1p1+n2p2+n3p3 = h+ r. In
particular, a point sphere S0(p) and an oriented plane Πh(n) are in oriented contact
if p ∈ Πh(n).
From the above identifications, it follows that two null lines [a] and [b] represent
oriented spheres or oriented planes in oriented contact if and only if 〈a, b〉 = 0.
2.5. The Laguerre space. We let Λ denote the set of all 2-dimensional subspaces
λ(a, b) of R6 spanned by vectors a and b satisfying
〈a, a〉 = 〈a, b〉 = 〈b, b〉 = 0, ǫ5 /∈ λ(a, b).
We call Λ the Laguerre space. This is a 5-dimensional orbit of the action of the
Laguerre group L on the Grassmannian G2(6) of 2-planes in R
6, where the action
is given by
Aλ(a, b) := λ(Aa, Ab), ∀A ∈ L, ∀ a, b ∈ R6.
Remark 2.1. The Laguerre space Λ can be seen as the space of projective lines in
the Lie quadric Q = {[a] : 〈a, a〉 = 0} which do not meet the the “point at infinity”
{[ǫ5]}. The Laguerre space Λ is a dense open set of the set of all lines in Q. It is
the complement of the set of lines through [ǫ5] in Q (cf. [30]).3
We will provide two geometrical realizations of the Laguerre space Λ.
2.5.1. The Laguerre space as the unit tangent bundle of R3. The Laguerre space Λ
is identified with the bundle T1(R
3) ∼= R3 × S2 of unit tangent vectors of R3 by
means of the map
(2.14) R3 × S2 ∋ (p, n) 7−→ λ(a(p), b(n, p)) ∈ Λ,
where a(p) = a(0, p) and b(n, p) are given, respectively, as in (2.11) and (2.13).
2.5.2. The Laguerre space as the set of parabolic pencils of R3. Let Πh(n) be an
oriented plane and let p be a point on this plane. The set λ̂(p, n) of all oriented
spheres in oriented contact with Πh(n) at p is called the parabolic pencil of spheres
with base locus p and radical plane Πh(n).
If λ̂(p, n) is a parabolic pencil with base locus p and radical plane Πh(n), the
null vectors a(0, p) and b(n, p) (cf. (2.11) and (2.13)) span a null plane and the
oriented spheres of the pencil are represented by the null lines lying on the null
plane spanned by a and b. The Laguerre space can thus be interpreted as the set of
all parabolic pencils of oriented spheres in R3.
Given a null plane λ(a, b) ∈ Λ, there exists a unique [aˆ] ⊂ λ(a, b) so that
〈aˆ, ǫ1+ǫ4〉 = 0. Thus [aˆ] represents a point p(a, b) ∈ R3, which we call the Euclidean
projection of λ(a, b). Using (2.14), it follows that the Euclidean projection p(a, b)
3Notice that in the lecture notes of G. R. Jensen [30], the symbol Λ is used to denote the set
of all lines in Q, while the set of lines in Q which do not meet the point at infinity is denoted by
Λ
′.
9coincides with the first component in (p, n), where (p, n) is the contact element
which represents the null plane λ(a, b).
In other words, the Euclidean projection Λ → R3, λ 7→ p(λ) agrees with the
bundle projection map R3 × S2 → R3. Observe, however, that the Laguerre group
L does not preserve the Euclidean projection.
2.6. The structure equations of the Laguerre space. The Laguerre group L
acts transitively on Λ and the map
(2.15) πL : L→ Λ, A 7−→ λ(A0, A1) = Aλ(ǫ0, ǫ1)
makes L into a principal bundle over Λ with structure group
L0 = {A = (Aij) ∈ L : Aj0 = Aj1 = 0, j = 2, 3, 4, 5}.
The elements of L0 are matrices of the form
(2.16) X(d; b;x) =


1 0 0 0 0 0
d1 d2 x˜
1 x˜2 d22
txx 0
0 0 b11 b
1
2 x
1 0
0 0 b21 b
2
2 x
2 0
0 0 0 0 1/d2 0
0 0 0 0 −d1/d2 1


,
where b = (bij) ∈ SO(2), d = (d1, d2), d2 6= 0, x = t(x1, x2) ∈ R2, (x˜1, x˜2) = d2txb,
and 1
d2
(1 + d22) +
1
2d2
txx ≥ 2.
A local Laguerre frame field is a local cross section A : U ⊂ Λ → L of the
Laguerre fibration πL, where U is an open subset U of Λ. If A : U → L is a
Laguerre frame field, any other Laguerre frame field Aˆ on U is given by
(2.17) Aˆ = AX(d; b;x),
where X(d; b;x) : U → L0 is a smooth map. If we set
θ = (θij), θ
i
j = A
∗(ωij),
then the 1-forms
(2.18) θ20 , θ
3
0 , θ
4
0, θ
2
1 , θ
3
1
define a local coframe on the open subset U ⊂ Λ. If A and Aˆ are related by (2.17),
the corresponding l-valued 1-forms θ and θˆ are related by
(2.19) θˆ = X−1θX +X−1dX.
In particular, the coframe (2.18) is subject to the following transformation rules
(2.20)


θˆ20
θˆ30
θˆ40
θˆ21
θˆ31

 =

 tb −d2tbx d1tb0 d2 0
0 0 d2
tb




θ20
θ30
θ40
θ21
θ31

 .
According to the transformation rules (2.20), there are three naturally defined
subbundles of the tangent bundle T (Λ) of the Laguerre space:
(1) the subbundle Z ⊂ T (Λ), defined by requiring that θ40 = 0;
(2) the subbundle H ⊂ T (Λ), defined by requiring that θ21 = θ31 = 0;
(3) the subbundle K ⊂ T (Λ), defined by requiring that θ40 = θ21 = θ31 = 0.
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Notice that rank(Z) = 4, rank(H) = 3, rank(K) = 2, and that
K = Z ∩H.
From the structure equations (2.10), it follows that
dθ40 ≡ θ20 ∧ θ21 + θ30 ∧ θ31 mod {θ40}.
This implies that dθ40 ∧ dθ40 ∧ θ40 is never zero on Λ, and hence θ40 defines a contact
structure on the Laguerre space Λ. The subbundle Z is a contact distribution on
Λ.
Remark 2.2. Observe that the 1-form θ40 = −〈dA0, A1〉. Therefore, the 1-form θ40
corresponds via the map (2.14) to the 1-form 1√
2
∑3
i=1 n
idpi = 1√
2
dp · n. Thus,
the contact structure defined by θ40 coincides with the natural contact structure on
R3 × S2 given by the 1-form α(p,n) =
∑3
i=1 n
idpi = dp · n.
3. Moving frames for Legendre immersions
Definition 3.1. Let S be an oriented, connected, 2-dimensional manifold. A
smooth immersion f : S → Λ is called Legendre if
(3.1) df|s(TsS) ⊂ Zf(s), ∀ s ∈ S.
This amounts to saying that f∗(θ40) = 0 on S.
Two Legendre immersions f, f ′ : S → Λ are said to be L-equivalent if there
exists A ∈ L, such that Af ′(S) = f(S). In this case, the two immersions f and f ′
are considered to be the same geometric object.
Remark 3.2. An immersed surface x : S → R3, oriented by a unit normal field
n : S → S2, induces a lift f = (x, n) : S → Λ of x to Λ ∼= R3 × S2 which is a
Legendre immersion, since dx ·n = 0 . We call f the Legendre lift of x. Locally and
up to L-equivalence, any Legendre immersion arises in this way. However, observe
that in general, if f = (x, n) : S → Λ ∼= R3 × S2 is a Legendre immersion, x need
not be an immersion into R3. In particular, two immersions x, x′ : S → R3 are
L-equivalent if their Legendre lifts are L-equivalent.
For a generic Legendre immersion f = (x, n), the quadratic form dn · dn is
positive semidefinite, that is dn · dn ≥ 0.
Definition 3.3. A Legendre immersion f = (x, n) : S → Λ is said to be nonde-
generate if (1) the quadratic form dn · dn is positive definite and (2) the quadratic
forms dx · dn and dn · dn are everywhere linearly independent on S.
If f = (x, n) is the Legendre lift of an immersion x : S → R3, the condition
that f is nondegenerate means that x is umbilic free and its Gauss curvature is
everywhere different from zero.
The condition that dn · dn is positive definite will be assumed throughout.
3.1. Construction of the canonical frame. Let f : S → Λ be a Legendre
immersion. A local Laguerre frame field along f is a smooth map A : U ⊂ S → L
defined on an open subset U of S such that πL([A(s)]) = f(s), for every s ∈ U . If
f : S → Λ is a Legendre immersion and A : U → L is a Laguerre frame field on U ,
then
α40 = 0, α
2
1 ∧ α31 6= 0,
11
where αij := A
∗(ωij). Differentiating α
4
0 = 0 and using (2.10) yields
α20 ∧ α21 + α30 ∧ α31 = 0.
By Cartan’s Lemma, there are smooth functions hij = hji : U → R, i, j = 1, 2,
which depend on A, such that
(3.2)
α20 = h11α
2
1 + h12α
3
1
α30 = h12α
2
1 + h22α
3
1.
Any other frame field Aˆ on U is given by
Aˆ = AX(d; b;x),
where X = X(d; b;x) : U ⊂ S → L0 is a smooth map. By (2.19), αˆ and α are
related by
αˆ = X−1αX +X−1dX.
This implies
(3.3)
[
αˆ21
αˆ31
]
= d2
tb
[
α21
α31
]
,
and
(3.4)
[
αˆ20
αˆ30
]
= tb
([
α20
α30
]
+ d1
[
α21
α31
])
.
From (3.2), (3.3), and (3.4), it follows that
(3.5)
[
hˆ11 hˆ12
hˆ12 hˆ22
]
=
1
d2
tb
[
h11 + d1 h12
h12 h22 + d1
]
b.
Therefore,
(3.6)
(
hˆ11 + hˆ22
)
=
1
d2
[(h11 + h22) + 2d1] .
This shows that locally there exist Laguerre frame fields such that
(3.7) h11 + h22 = 0.
Definition 3.4. A Laguerre frame field A : U → L along f is said to be of first
order if h11 + h22 = 0 on U .
It follows from (3.6) that if Aˆ and A are first order frame fields on U , then
Aˆ = AX(d; b;x) and d1 = 0. This means that the totality of first order frame fields
defines an L1-fibre bundle on S whose structure group is
L1 = {X(d; b;x) ∈ L0 : d1 = 0}.
Remark 3.5. A sphere congruence is a 2-parameter family of oriented spheres, i.e.,
a smooth map σ : S → QΣ of a connected surface into the space of oriented spheres.
By an envelope of σ : S → QΣ we mean a Legendre map f = (x, n) : S → Λ such
that σ(s) and the plane Πx(s)(n(s)) are in oriented contact at x(s), for every s ∈ S.
Definition 3.6. Let f : S → Λ be a Legendre immersion and let A : U ⊂ S → L
be a first order frame field along f . The smooth map U ∋ s 7→ [A0(s)] ∈ QΣ is
independent of the choice of first order frame field A. This allows the definition of
a smooth map on the whole S,
σf : S → QΣ.
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The map σf determines a sphere congruence which is known as the middle congru-
ence (cf. [7]) or Laguerre Gauss map of f . By construction, the Legendre immersion
f : S → Λ is an envelope of the middle congruence.
According to (3.4), for a change of first order frames Aˆ = AX , whereX : U → L1,
we have
(3.8)
[
αˆ20
αˆ30
]
= tb
[
α20
α30
]
.
This implies that the Legendre immersion f induces on S a quadratic form
Φf = (α
2
0)
2 + (α30)
2,
the Laguerre metric of the immersion, and an exterior differential 2-form
Ωf = α
2
0 ∧ α30,
the Laguerre area element of the immersion.
Remark 3.7. If the Legendre immersion f : S → Λ is nondegenerate, the form Φf
is positive definite and Ωf |s 6= 0, for every s ∈ S. In particular, note that Φf is
the metric induced on S by the Laguerre Gauss map σf from the Lorentz product
〈 , 〉 on QΣ ∼= R3,1, i.e., Φf = 〈dσf , dσf 〉. Thus, if f is nondegenerate, its Laguerre
Gauss map σf defines a spacelike immersion of S into Minkowski 4-space R
3,1 and
Ωf is the induced area element of σf : S → QΣ.
Let f : S → Λ be a nondegenerate Legendre immersion and let A : U ⊂ S → L be
a first order frame field along f . Then there exist smooth functions a1, a2 : U → R
depending on A such that
(3.9) α10 = a1α
2
0 + a2α
3
0.
If Aˆ = AX(d; b;x) is any first order frame field on U , where X : U → L1, it
follows from (2.19) that
(3.10) αˆ10 =
1
d2
(
α10 − d2x1α20 − d2x2α30
)
.
If we write αˆ10 = aˆ1αˆ
2
0 + aˆ2αˆ
3
0, (3.8) and (3.10) yield
(3.11)
[
aˆ1
aˆ2
]
=
1
d2
tb
[
a1 − d2x1
a2 − d2x2
]
.
From the above transformation formula, it follows that, about any point s ∈ S,
there exists an open neighborhood U and a Laguerre frame field of first order defined
on U for which a1 = a2 = 0, i.e., α
1
0 = 0.
Definition 3.8. A first order Laguerre frame field A : U → L along f is said to be
of second order if α10 = 0 on U .
It follows from (3.11) that if Aˆ and A are second order frame fields on U , then
Aˆ = AX(d; b; 0) and d1 = 0. This means that the totality of second order frame
fields generates an L2-fibre bundle on S whose structure group is
L2 = {X(d; b;x) ∈ L1 : x = t(0, 0)}.
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Remark 3.9 (The Laguerre transform). For a change of second order frames Aˆ =
AX , where X : U ⊂ S → L2, it is easily seen that the projective lines λ(A0, A4)
and λ(Aˆ0, Aˆ4) do coincide. Accordingly, we can define a new Legendre immersion
(possibly degenerate)
fˇ : S → Λ, fˇ(s) := λ(A0(s), A4(s)), ∀ s ∈ S.
The Legendre immersion fˇ is called the Laguerre transform of f . The Laguerre
transform fˇ is the second envelope of the middle sphere congruence σf .
From (3.5) it follows that about any point s ∈ S there exists an open neigh-
borhood U and a Laguerre frame field of second order defined on U for which
h11 = −h22 = 1 and h12 = 0.
Definition 3.10. A second order Laguerre frame field A : U → L along f for
which h11 = −h22 = 1 and h12 = 0 on U is called a canonical Laguerre frame field.
According to (3.5), two canonical frames Aˆ, A : U → L are related by Aˆ =
AX(d; b; 0), where X is a smooth map taking values in the group
Z2 =
{
X(d; b;x) ∈ L2 : d2 = 1, b = ±
[
1 0
0 1
]}
.
If A = (A0, A1, A2, A3, A4, A5) : U ⊂ S → L is a canonical frame along f : S → Λ
and U is connected, the only other canonical frame on U is given by
(3.12) Aˆ = (A0, A1,−A2,−A3, A4, A5) .
A canonical frame A = (A0, A1, A2, A3, A4, A5) is characterized by the following
equations
(3.13)


dA0 = α
2
0A2 + α
3
0A3,
dA1 = α
1
1A1 + α
2
0A2 − α30A3,
dA2 = α
1
2A1 + α
3
2A3 + α
2
0(A4 +A5),
dA3 = α
1
3A1 − α32A2 + α30(−A4 +A5),
dA4 = α
1
2A2 + α
1
3A3 − α11A4,
dA5 = 0.
The totality of canonical frame fields on S defines a Z2-fibre bundle πf : F(f)→
S, where
F(f) = {(s, A(s)) ∈ S × L}
and A is a canonical frame field along f defined on a neighborhood of s, and
πf : F(f) ∋ (s, A(s)) 7→ s ∈ S.
Remark 3.11. Up to L-equivalence, and a 2:1 covering, any nondegenerate Legendre
immersion of an oriented surface S admits a globally defined canonical frame. In
fact, consider a connected component S˜ of F(f) and let f˜ : S˜ → Λ be given by
f˜ = f ◦ πf . By construction, f˜ is again a nondegenerate Legendre immersion and
f(S) = f˜(S˜). Moreover, A˜ : S˜ → L, (s, A(s)) 7→ A(s), is a global canonical frame
along f˜ : S˜ → Λ.
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3.2. The structure equations of the canonical frame. Let f : S → Λ be a
nondegenerate Legendre immersion and let A : S → L be a canonical frame field
along f . According to Remark 3.11, it is not restrictive to assume that A globally
defined on S. From the above discussion, (α20, α
3
0) defines a coframe on S, referred
to as the canonical coframe, and
(3.14) α21 = α
2
0, α
3
1 = −α30, α10 = 0, α40 = 0.
Differentiating α10 = 0 yields
α12 ∧ α20 + α13 ∧ α30 = 0.
Thus, by Cartan’s Lemma there exist smooth functions p1, p2, p3 : S → R such
that
(3.15) α12 = p1α
2
0 + p2α
3
0, α
1
3 = p2α
2
0 + p3α
3
0.
Next, write
(3.16) α32 = q1α
2
0 + q2α
3
0,
where q1, q2 : S → R are smooth functions. We call the functions p1, p2, p3, q1, q2
the invariant functions of the Legendre immersion f (with respect to the canonical
frame field A). Exterior differentiation of α20 and α
3
0, using the structure equations
(2.10) and equation (3.16), yields
(3.17) dα20 = q1α
2
0 ∧ α30, dα30 = q2α20 ∧ α30.
Differentiating α21 and α
3
1, using the structure equations (2.10) and the equations
(3.17), yields
(3.18) α11 = 2q2α
2
0 − 2q1α30.
From the structure equations (2.10), we also obtain the following equations:
dq1 ∧ α20 + dq2 ∧ α30 = (p3 − p1 − q12 − q22)α20 ∧ α30,(3.19)
dq1 ∧ α30 − dq2 ∧ α20 = −p2α20 ∧ α30,(3.20)
dp1 ∧ α20 + dp2 ∧ α30 = (−3q1p1 − 4q2p2 + q1p3)α20 ∧ α30,(3.21)
dp2 ∧ α20 + dp3 ∧ α30 = (−3q2p3 − 4q1p2 + q2p1)α20 ∧ α30.(3.22)
The equations (3.17), (3.19), (3.20), (3.21) and (3.22) will be referred to as the
structure equations of the Legendre immersion f . The existence of a canonical frame
field along f under the nondegeneracy assumption was first proved in [43]. The
smooth functions q1, q2, p1, p2, p3 form a complete system of Laguerre invariants
for f .
Remark 3.12. If A : S → L is a canonical frame field along f , the only other
canonical frame field is given by Aˆ as in (3.12). Under this frame change, the
invariants p1, p2, p3, q1, q2 transform by
qˆ1 = −q1, qˆ2 = −q2, pˆ1 = p1, pˆ2 = p2, pˆ3 = p3.
Thus, there are well defined global functions j, w : S → R such that locally
(3.23) j =
1
2
(p1 − p3), w = 1
2
(p1 + p3).
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3.3. Framed Legendre immersions and the Laguerre Pfaffian system. In
this section, nondegenerate Legendre immersions will be interpreted as integral
manifolds of a quasi-linear Pfaffian differential system.
By a framed Legendre immersion (S, f, A) is meant a nondegenerate Legendre
immersion f : S → Λ endowed with a canonical frame A : S → L. The immersion
f is then given by πL ◦A and the normal frame field A satisfies the conditions
(3.24) α20 ∧ α30 6= 0, α21 − α20 = α31 + α30 = α10 = α40 = 0.
Conversely, if A : S → L is a smooth map satisfying (3.24), then f = πL◦A : S → Λ
is a nondegenerate Legende immersion and A is a canonical frame field along f .
Thus framed Legendre immersions can be interpreted as the integral manifolds of
the Pfaffian differential system on L defined by the equations
(3.25) ω21 − ω20 , ω31 + ω30 = 0, ω10 = 0, ω40 = 0,
with independence condition ω20 ∧ ω30 6= 0. This Pfaffian differential system is not
in involution. Its involutive prolongation is given by the following system.
Let M := L × R5 and denote by (q1, q2, p1, p2, p3) the coordinates in R5. Let
ω1 = ω20 , ω
2 = ω30 , and define on M the absolute parallelism given by the coframe
field (ωi, ηa, πi, ζs), a = 1, . . . , 8; i = 1, 2; s = 1, 2, 3, where
η1 = ω40 , η
2 = ω10 , η
3 = ω21 − ω1, η4 = ω31 + ω1,
η5 = ω32 − q1ω1 − q2ω2, η6 = ω11 − 2q2ω1 + 2q1ω2,
η7 = ω12 − p1ω1 − p2ω2, η8 = ω13 − p2ω1 − p3ω2,
πi = dqi, ζ
s = dps.
Let I be the ideal of the algebra of exterior differential forms on M generated
by
η1, . . . , η8, dη1, . . . , dη8.
Let (I,Ω) be the Pfaffian differential system on M defined by the differential ideal
I with the independence condition
Ω = ω1 ∧ ω2 6= 0.
If (A, q1, q2, p1, p2, p3) : S → M is an integral manifold of (I,Ω), then f : S → Λ,
s 7→ f(s) = πL(A(s)), defines a Legendre immersion with canonical frame field
A and corresponding invariant functions q1, q2, p1, p2, p3. Conversely, any framed
Legendre immersion (S, f, A) defines an integral manifold of the Pfaffian system
(I,Ω) by
S ∋ s 7−→ (A(s), q1, q2, p1, p2, p3) ∈M,
where (q1, q2, p1, p2, p3) are the invariant functions of A. Summarizing, framed Le-
gendre immersions, together with the associate invariant functions, may be regarded
as being the integral manifolds of the Pfaffian system (I,Ω) on M .
Definition 3.13. The Pfaffian system (I,Ω) on M will be referred to as the La-
guerre differential system and will be denoted by (M, I,Ω).
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3.4. Relations with Euclidean geometry. Let f = (x, n) : S → Λ be the
Legendre lift of an oriented immersion x : S → R3 with unit normal field n and
suppose that x is umbilic free and that its Gauss curvature is everywhere different
from zero. We may assume the existence of a global principal frame field e =
(n, e2, e3;x) : S → E(3) along x, such that, at every point s ∈ S, (e2, e3)|s is a
positive basis of dx|s(TsS) and e2, e3 are along the principal directions. The frame
field e satisfies the equations
dx = ϕ2e2 + ϕ
3e3, de2 = ϕ
3
2e3 − ϕ21n, de3 = −ϕ32e2 − ϕ31n,
and
dn = ϕ21e2 + ϕ
3
1e3,
where (ϕ2, ϕ3) is the dual coframe of (e2, e3). The condition that e2, e3 are along
principal directions is expressed by
ϕ21 = −aϕ2, ϕ21 = −cϕ3,
where a > c are the principal curvatures.
By (2.4) and (2.5), the principal frame field e gives rise to a Laguerre frame field
A = A(n, e2, e3;x) along the Legendre lift f = (x, n) of the immersion x. An easy
computation shows that the frame field A satisfies the following equations

dA0 = ϕ
2A2 + ϕ
3A3,
dA1 =
ϕ21√
2
A2 +
ϕ31√
2
A3,
dA2 = − ϕ
2
1√
2
A1 + ϕ
3
2A3 +
ϕ21√
2
A4 + ϕ
2A5,
dA3 = − ϕ
3
1√
2
A1 − α32A2 + ϕ31A4 + ϕ3A5,
dA4 = − ϕ
2
1√
2
A2 − ϕ
3
1√
2
A3,
dA5 = 0.
According to (3.13), we have
α20 = −
√
2
a
ϕ21, α
3
0 = −
√
2
c
ϕ31.
Following the reduction procedure described in §3.1, we may adapt A to a first
order Laguerre frame field A′ along the Legendre lift f , by setting
A′ = AX(d; I2; 0), d =
(√
2
H
K
, 1
)
,
where H = 12 (a+ c) is the mean curvature and K = ac the Gauss curvature of x.
The 1-form α′20 and α
′3
0 take the form
α′20 = −
c− a
2K
ϕ21, α
′3
0 =
c− a
2K
ϕ31.
Therefore,
Φf =
H2 −K
K2
dn · dn, Ωf = −H
2 −K
K
dA,
where dA denotes the Euclidean area element of x : S → R3.
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Remark 3.14. An easy computation shows that, with respect to the first order
frame field A′, the Laguerre Gauss map σf : S → QΣ is expressed by
σf = SH
K
(
x+
H
K
n
)
,
that is, σf (s) represents the oriented sphere centered at x(s)+
H
K
(s)n(s) with signed
radius H
K
(s).
If we let
d
(H
K
)
=
c− a
2K
((H
K
)
2
ϕ21 +
(H
K
)
3
ϕ31
)
,
we compute
α′10 = −
√
2
(H
K
)
2
α′20 +
√
2
(H
K
)
3
α′30.
We then further adapt A′ to a second order frame field A′′ along f ,
A′′ = A′X(d; I2; y), d = (0, 1), y = t
(
−
√
2
(H
K
)
2
,
√
2
(H
K
)
3
)
.
It turns out that the frame field A′′ is actually a canonical frame field along f and
that the corresponding canonical coframe field is given by
α′′20 = −
c− a
2K
ϕ21, α
′′3
0 =
c− a
2K
ϕ31.
4. L-isothermic surfaces
An important class of surfaces that belong to Laguerre geometry is that of L-
isothermic surfaces.
Definition 4.1. A nondegenerate Legendre immersion f : S → Λ, with canonical
frame field A, is called L-isothermic if there exist local coordinates which simultane-
ously diagonalize the definite pair of quadratic forms 〈dA0, dA0〉 = (α20)2+(α30)2 and
〈dA0, dA1〉 = (α20)2 − (α30)2 and which are isothermal with respect to 〈dA0, dA0〉.
Remark 4.2. If x : S → R3 is an immersed surface without umbilic and parabolic
points, oriented by the unit normal field n, the L-isothermic condition amounts
to the existence of isothermal (conformal) curvature line coordinates for the pair
of quadratic forms III = dn · dn and II = df · dn. Examples of L-isothermic
surfaces include surfaces of revolution, molding surfaces, surfaces with plane lines of
curvature [46], minimal surfaces, etc. The notion of L-isothermic surfaces is already
in Bianchi [5], but the systematic study of L-isothermic surfaces was initiated and
developed by Blaschke [7].
The following result was proved in [44].
Theorem 4.3 ([44]). A nondegenerate Legendre immersion f : S → Λ is L-
isothermic if and only if p2 = 0.
We first came across L-isothermic surfaces when addressing the question of ap-
plicability of surfaces in Laguerre geometry. We recall the following.
Definition 4.4. Let f, fˆ : S → Λ be two nondegenerate Legendre immersions,
with respective canonical frame fields A, Aˆ and canonical coframe fields (α20, α
3
0),
(αˆ20, αˆ
3
0). If f and fˆ are not L-equivalent, then f and fˆ are L-applicable on each
other if α20 = ±αˆ20, α30 = ±αˆ30. We say that f : S → Λ is L-applicable if, for each
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s ∈ S, there exists an open neighborhood U of s, such that f|U is L-applicable on
some fˆ .
Remark 4.5. If f = (x, n) and fˆ = (xˆ, nˆ) are the Legendre lifts of two immersions
x : S → R3 and xˆ : S → R3, with unit normal fields n and nˆ, respectively, then
f and fˆ are L-applicable if there exists a (local) orientation-preserving conformal
transformation between (S, III = dn · dn) and (S, ˆIII = dnˆ · dnˆ) that preserves the
curvature lines of x and xˆ.
Remark 4.6. The above definition is related to the general deformation theory of
submanifolds in homogeneous spaces as developed by Fubini, Cartan, Griffiths and
Jensen (cf. [19, 23, 30]). In fact, it has been proved that two Legendre immersions
f and fˆ are L-applicable if and only if there exists a smooth map B : S → L with
the property that B(s)fˆ and f agree up to order two at s, for each s ∈ S. In other
words, if and only if f and fˆ are second order deformations of each other with
respect to the Laguerre group. For the proof of this result and for more details on
the deformation problem of surfaces in Laguerre geometry we refer to [44] and [49].
The notion of L-applicability introduced in Definition 4.4 is the analogue, in La-
guerre geometry, of the following notion of applicability in Euclidean geometry: two
noncongruent (relative to rigid motions) immersions x, xˆ : S → R3 are applicable
if they are connected by a (local) isometry that preserves the lines of curvature. It
is known that the only applicable surfaces in this sense are the molding surfaces.4
Actually, such surfaces belong to a 1-parameter family of noncongruent surfaces,
which are connected by isometries preserving the lines of curvature. For more on
molding surfaces and for the proof of this result we refer to [13, §5, Theorem 5.1]
or [16, Chapter IV, Theorem 8.1]. The above notion of L-applicability is also re-
lated to the notion of applicability in Mo¨bius geometry: two noncongruent (relative
to Mo¨bius transformations) immersions x, xˆ : S → R3 ∪ {∞} are M -applicable if
they are connected by a (local) conformal transformation that preserves the lines
of curvature. The only M -applicable surfaces are the isothermic surfaces.5 Also in
this case, such surfaces belong to a 1-parameter family of noncongruent surfaces,
which are connected by conformal transformations preserving the lines of curvature
(cf. [41]). For more on isothermic surfaces in Mo¨bius geometry, we refer to [28] and
[33].
L-applicable surfaces can be characterized in a similar way.
Theorem 4.7 ([44]). The L-isothermic immersions are the only Legendre immer-
sions that are L-applicable. Moreover, any L-isothermic immersion belongs to a
1-parameter family of non-equivalent L-applicable Legendre immersions.
For a given L-isothermic immersion, we will now describe the nontrivial 1-
parameter family of its L-applicable immersions. If f : S → Λ is L-isothermic,
there are local curvature line coordinates z = x+iy such that the canonical coframe
4We recall (cf. [13, 16]) that a molding surface S can be described kinematically as follows:
Take a cylinder Z and a curve C on one of the tangent planes to Z. The surface S is the locus
described by C as the plane rolls about Z. Among the molding surfaces there are the surfaces of
revolution.
5We recall that a surface is isothermic if it admits conformal curvature line coordinates away
from umbilic points.
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(α20, α
3
0) takes the form
α20 = e
udx, α30 = e
udy,
for a smooth function u on S. We call Φ = eu the Blaschke potential of f .
Accordingly, from (3.17), (3.19) and (3.20) it follows that
q1 = −e−uuy, q2 = e−uux,(4.1)
p1 − p3 = −e−2u∆u.(4.2)
Moreover, using (3.21) and (3.22) yields
(4.3)
d
(
e2u(p1 + p3)
)
= −e2u {(e−2u∆u)
x
+ 4ux(e
−2u∆u)
}
dx
+ e2u
{
(e−2u∆u)y + 4uy(e−2u∆u)
}
dy.
The integrability condition of (4.3) is the so-called Blaschke equation,
(4.4) ∆
(
e−u(eu)xy
)
= 0,
which can be viewed as the completely integrable (soliton) equation governing L-
isothermic surfaces (cf. [45, 46]).
Conversely, let U be a simply connected domain in C, and let Φ = eu be a
solution to the Blaschke equation (4.4). It follows that the right hand side of (4.3)
is a closed 1-form, say ηΦ. Thus, ηΦ = dK, for some function K determined up to
an additive constant. If we let
(4.5) w = Ke−2u, j = −1
2
e−2u∆u
(cf. (3.23) for the definition of w and j), the 1-form defined by
α =


0 0 0 0 0 0
0 2du (w+ j)eudx (w− j)eudy 0 0
eudx eudx 0 uydx− uxdy (w+ j)eudx 0
eudy −eudy −uydx+ uxdy 0 (w− j)eudy 0
0 0 eudx −eudy −2du 0
0 0 eudx eudy 0 0


satisfies the Maurer–Cartan integrability condition
dα+ α ∧ α = 0
and then integrates to a map A = U → L, such that dA = Aα. The map f : U → Λ
defined by
f = λ(A0, A1)
is a smooth Legendre immersion and A is a canonical frame field along f . Thus,
f is an L-isothermic immersion (unique up to Laguerre equivalence) and Φ is its
Blaschke potential.
If, for any m ∈ R, we let
(4.6) wm = w+me
−2u, jm = j = −1
2
e−2u∆u,
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then the 1-form defined by
α(m) =


0 0 0 0 0 0
0 2du (wm + jm)e
udx (wm − jm)eudy 0 0
eudx eudx 0 uydx− uxdy (wm + jm)eudx 0
eudy −eudy −uydx+ uxdy 0 (wm − jm)eudy 0
0 0 eudx −eudy −2du 0
0 0 eudx eudy 0 0


satisfies the Maurer–Cartan integrability condition
dα(m) + α(m) ∧ α(m) = 0,
so that there exists a smooth map A(m) : U → L, such that dA(m) = A(m)α(m). The
map fm : U → Λ, given by fm = λ(A(m)0 , A(m)1 ), is a smooth Legendre immersion
andA(m) is a canonical frame field along fm. Thus, fm is an L-isothermic immersion
(unique up to Laguerre equivalence) with the same Blaschke potential Φ as f = f0.
Then there exist a 1-parameter family of non-equivalent L-isothermic immersions
{fm} with the same Blaschke potential Φ. This family amounts to the 1-parameter
family of Legendre immersions that are L-applicable on f (cf. Theorem 4.7).
Actually, any other nondegenerate L-isothermic immersion having Φ as Blaschke
potential is Laguerre equivalent to fm, for some m ∈ R.
Definition 4.8. Two L-isothermic immersions f, f˜ which are not Laguerre equiv-
alent are said to be T -transforms (spectral deformations) of each other if they have
the same Blaschke potential.
Remark 4.9. The spectral family fm describes all T -transforms of f = f0. In fact,
any nondegenerate T -transform of f is Laguerre equivalent to fm, for some m ∈ R.
Such a 1-parameter family of L-isothermic surfaces amounts to the family of second
order Laguerre deformations of f in the sense of Remark 4.6.
5. L-minimal surfaces
Let f : S → Λ be a Legendre surface. A compactly supported variation of f is
a differentiable mapping
V : S × (−ǫ, ǫ)→ Λ, (s, t) 7−→ V (s, t), for some ǫ > 0,
such that its restriction ft to S × {t}, t ∈ (−ǫ, ǫ), is a Legendre surface, f0 = f ,
and such that there exists a compact domain K ⊂ S for which V (s, t) = f(s), for
every s ∈ S \K and every t ∈ (−ǫ, ǫ). If f is nondegenerate we may suppose that
ft is also nondegenerate, for each t ∈ (−ǫ, ǫ). Given a compact domain C ⊂ S, we
define the functional
(5.1) WC(f) =
∫
C
Ωf
on the space of smooth Legendre immersions f : S → Λ. We call (5.1) the Wein-
garten functional. A Legendre immersion f : S → Λ is called L-minimal if it is an
extremal of (5.1), that is, if for any compact domain C ⊂ S and any differentiable
variation ft with support in C we have
d
dt
(WC(ft))
∣∣∣
t=0
= 0.
The following result holds true.
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Theorem 5.1 ([43]). A nondegenerate Legendre immersion f : S → Λ is L-
minimal if and only if p1 + p3 = 0.
Remark 5.2. If f = (x, n) : S → Λ is the Legendre lift of an immersed surface
x : S → R3, oriented by a unit normal field n : S → S2, the functional (5.1)
coincides with the Weingarten functional
W(S, x) =
∫
H2 −K
K
dA,
where H and K are the mean and Gauss curvatures of x and dA is the induced
area element of the surface. In this case, using the computations made in §3.4, one
can write the invariant functions p1 and p3 in terms of the Euclidean invariants
and show (cf. e.g. [43]) that the condition to be L-minimal is expressed by the
nonlinear fourth-order elliptic PDE
(5.2) ∆III
(
H
K
)
= 0,
where ∆III denotes the Laplace–Beltrami operator with respect to the third funda-
mental form III of the immersion x.
Nondegenerate L-minimal surfaces are characterized by the minimality of the
Laguerre Gauss map.
Theorem 5.3 ([7], [43]). A nondegenerate Legendre immersion f : S → Λ is L-
minimal if and only if its Laguerre Gauss map σf : S → QΣ ∼= R3,1 has zero mean
curvature vector.
Proof. According to Remark 3.7, the Laguerre Gauss map σf : S → R3,1 is a
spacelike immersion with induced metric Φf and relative induced area element Ωf .
In particular,
WK(f) =
∫
K
Ωf = Area(σf ).
From this it is clear that if σf has zero mean curvature vector, then f must be
L-minimal. For the necessity condition, we need to compute the mean curvature
vector of σf . The canonical frame field A along f is adapted to the Laguerre Gauss
map σf . In fact, the bundle induced by σf over S splits into the direct sum
σ∗f (TR
3,1) = T (σf)⊕N(σf ),
where T (σf ) = span {A2, A3} is the tangent bundle and N(σF ) = span {A1, A4} is
the normal bundle of σf . The metric induced by σf on S, is
Φf = 〈dσf , dσf 〉 = (α20)2 + (α30)2,
and α20, α
3
0 defines an orthonormal coframe field on S. As dσf (TS) = span {A2, A3},
it follows from (2.7) that
α10 = 0 = α
4
0.
Differentiating these equations yields
0 = dα10 = −α12 ∧ α20 − α13 ∧ α30,
0 = dα40 = −α42 ∧ α20 − α43 ∧ α30.
Then, by Cartan’s Lemma,
ανi = h
ν
i2α
2
0 + h
ν
i3α
3
0, h
ν
ij = h
ν
ji ν = 1, 4; i, j = 2, 3,
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where the functions hνij are the components of the second fundamental form of σf ,
Π =
∑
i,j=2,3
h1ijα
i
0α
j
0 ⊗ a4 +
∑
i,j=2,3
h4ijα
i
0α
j
0 ⊗ a1.
From (3.14), (3.15) and the symmetry relations (2.8), it follows that
(h1ij) =
[
1 0
0 −1
]
, (h4ij) =
[
p1 p2
p2 p3
]
.
The mean curvature vector H of σf is half the trace of Π with respect to Φf , i.e.,
(5.3) 2H = (p1 + p3)A1.
Thus, H ≡ 0 on S if and only if p1 + p3 vanishes identically on S. 
Remark 5.4. (1) In the presence of umbilical points, one can prove that σf is a
conformal harmonic map. (2) The necessity condition in Theorem 5.3 is sort of
surprising since there are more variations of the map σf than there are variations
through Laguerre Gauss maps. (3) Note that H is a null section of the normal
bundle N(σf ), i.e., 〈H,H〉 = 0. In particular, it follows from (5.3) that σf is a
marginally outer trapped surface (MOTS) in R3,1 (cf. [22, 26] for more details on
MOTS and [52] for the analogous situation in Mo¨bius geometry). (4) With respect
to the null frame field {A1, A4}, the normal connection ∇⊥ in the normal bundle
N(σ) of σ is given by
∇⊥a1 = α11 ⊗ a1, ∇⊥a4 = −α11 ⊗ a4.
In particular, we have
(5.4) 2∇⊥H = [d(p1 + p3) + (p1 + p3)α11] a1,
so that the parallel condition ∇⊥H = 0 takes the form
(5.5) d(p1 + p3) + 2(p1 + p3)(q2α
2
0 − q1α30) = 0.
6. The Pfaffian system of L-minimal surfaces
In this section we introduce the Pfaffian differential systems of L-minimal sur-
faces and prove that it is in involution. Then, as an application of the general
Cartan–Ka¨hler theorem for exterior differential systems in involution we study the
Cauchy problem for L-minimal surfaces and prove the existence of a unique real
analytic L-minimal surface passing through a given real analytic integral curve of
the system. The functional dependence of the initial curve amounts to the choice
of four arbitrary functions in one variable. For the study of the Cauchy problem in
other geometric situations we refer to [32, 48, 50].
As shown above, L-minimal surfaces are characterized by the condition p1+p3 =
0. Hence, by reasoning as in §3.3, they can be interpreted as integral manifolds
of the differential system obtained by restricting the Laguerre differential system
(I,Ω) to the submanifold
Y =
{
(A, q1, q2, p1, p2, p3) ∈ L× R5 : p1 + p3 = 0
} ⊂M.
We call (Y, I,Ω) the Pfaffian system of L-minimal surfaces. We shall identify Y
and L × R4 and denote by (q1, q2, p1, p2) the points of R4. In this way, the system
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(I,Ω) on Y is differentially generated by the 1-forms
η1 = ω40 , η
2 = ω10 , η
3 = ω21 − ω1, η4 = ω31 + ω1,
η5 = ω32 − q1ω1 − q2ω2, η6 = ω11 − 2q2ω1 + 2q1ω2,
η7 = ω12 − p1ω1 − p2ω2, η8 = ω13 − p2ω1 + p1ω2,
with independence condition
ω1 ∧ ω2 6= 0,
where ω1 = ω20 and ω
2 = ω30 . Moreover, we let π
i = dqi, ζ
i = dpi, i = 1, 2, be the
set of 1-forms that complete {ηa, ωi} to a global coframe field on Y .
6.1. Quadratic equations and involution of the system. From the structure
equations (2.10) of the Laguerre group, exterior differentiation of η1, . . . η8 yields
the following equations
(6.1)
dη1 ≡ dη2 ≡ dη3 ≡ dη4 ≡ 0 mod {ηa},
dη5 ≡ −π1 ∧ ω1 − π2 ∧ ω2 − (2p1 + q12 + q22)ω1 ∧ ω2 mod {ηa},
dη6 ≡ 2π1 ∧ ω2 − 2π2 ∧ ω1 + 2p2 ω1 ∧ ω2 mod {ηa},
dη7 ≡ −ζ1 ∧ ω1 − ζ2 ∧ ω2 − 4(q1p1 + q2p2)ω1 ∧ ω2 mod {ηa},
dη8 ≡ ζ1 ∧ ω2 − ζ2 ∧ ω1 − 4(q1p2 − q2p1)ω1 ∧ ω2 mod {ηa},
where {ηa} denotes the algebraic ideal generated by the 1-forms η1, . . . η8. The
equations in (6.1) are referred to as the quadratic equations of (Y, I,Ω). The reduced
tableaux matrix µ of the system is then
tµ =
[
0 0 0 0 −π1 −2π2 −ζ1 −ζ2
0 0 0 0 −π2 2π1 −ζ2 ζ1
]
.
It then follows that the reduced Cartan characters s′1, s
′
2 are
(6.2) s′1 = 4, s
′
2 = 0.
Let V2(I) denote the set of all 2-dimensional integral elements of (I,Ω), i.e.,
(6.3) V2(I) = {(z, E2) ∈ G2(TY ) : ηa|E2 = 0, dηa|E2 = 0, ω1 ∧ ω2|E2 6= 0},
and let O2(I) be the open subset of the Grassmannian G2(TY ) consisting of all
tangent planes W ⊂ TzY such that ω1 ∧ ω2|W 6= 0. On O2(I), we have fiber
coordinates (Xai , V
j
i ,W
j
i ), a = 1, . . . , 8, i, j = 1, 2, defined by
ηa|W = X
a
i (W )ω
i
|W , π
i
|W = V
i
j (W )ω
j
|W , ζ
i
|W =W
i
j (W )ω
j
|W .
At any point z = (A, q1, q2, p1, p2) of Y , the fiber O2(I)z is identified with the affine
space A24 by the map
O2(I)z ∋ W 7−→ (Xai (W ), V ji (W ),W ji (W )).
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From the quadratic equations (6.1) it follows that V2(I)z is the 4-dimensional affine
subspace of O2(I)z defined by the equations
(6.4)
Xai = 0, a = 1, . . . , 8; i = 1, 2
V 12 − V 21 = 2p1 + q12 + q22,
V 11 + V
2
2 = −p2,
W 12 −W 21 = 4(q1p1 + q2p2),
W 11 +W
2
2 = 4(q1p2 − q2p1).
This yields the following.
Lemma 6.1. The set V2(I) of 2-dimensional integral elements of the Pfaffian
system (Y, I,Ω) is a real analytic 18-dimensional embedded submanifold of the
Grassmannian G2(TY ) and the fiber over z ∈ Y of the bundle map V2(I) → Y ,
(z, E2) 7→ z, is a 4-dimensional affine subspace of G2(TzY ), for each z ∈ Y , i.e.,
t = dimV2(I)z = 4, for each z ∈ Y.
From this and (6.2), it follows that t = s′1+2s
′
2, so that Cartan’s test of involution
applies. We can then state the following.
Proposition 6.2. The Pfaffian differential system (Y, I,Ω) of L-minimal surfaces
is in involution6 and its integral manifolds depend on four functions in one variable.
6.2. Polar equations and the Cauchy problem. Next, we study the polar
equations of the system (Y, I,Ω). On the tangent bundle TY , we consider fibre
coordinates (ai, Xa, V i,W i) defined, for any tangent vector ξ, by
(6.5) ai(ξ) = ωi(ξ), Xa(ξ) = ηa(ξ), V i(ξ) = πi(ξ), W i(ξ) = ζi(ξ).
Thus, (ai, Xa, V i,W i) can be used as homogeneous fiber coordinates on the Grass-
mannian G1(TY ).
A 1-dimensional integral element of (I,Ω), at a fixed point z ∈ Y , is a 1-
dimensional subspace E1 = span{ξ} of TzY , spanned by a nonzero tangent vector
ξ, such that
(6.6) ηa(ξ) = 0, a = 1, . . . , 8; ω1(ξ)ω1(ξ) + ω2(ξ)ω2(ξ) 6= 0.
Let V1(I) denote the set of all 1-dimensional integral elements of (I,Ω). The set
V1(I) is the submanifold of G1(TY ) defined by the equations
(6.7) Xa = 0, a = 1, . . . , 8; (a1)2 + (a2)2 6= 0.
Let (z, E1) be a 1-dimensional integral element. We recall that the polar or
extension space H(z, E1) of (z, E1) is the subspace of TzY defined by the polar
equations
(6.8) ηa = 0, ıξdη
a = 0, a = 1, . . . , 8.
Let z = (A, q1, q2, p1, p2) ∈ Y and (z, E1) a 1-dimensional integral element with
E1 = span {ξ}, ξ 6= 0. From (6.8), (6.7), (6.5), using the quadratic equations (6.1)
6that is, at every point z ∈ Y there exists an ordinary integral element (z, E2) ∈ V2(I)z (cf.
[16] for more details).
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of the system, the polar equations read
ηa = 0, a = 1, . . . , 8,
a1π1 + a2π2 + [a2(2p1 + q1
2 + q2
2)− V 1]ω1 +
− [a1(2p1 + q12 + q22) + V 2]ω2 = 0,
−a2π1 + a1π2 − [V 2 + p2a2]ω1 + [V 1 + p2a1]ω2 = 0,
a1ζ1 + a2ζ2 − [W 1 + 4a1(q1p1 + q2p2)]ω1 +
− [W 2 − 4a2(q1p1 + q2p2)]ω2 = 0,
−a2ζ1 + a1ζ2 − [W 2 − 4a2(q1p2 − q2p1)]ω1 +
+ [W 1 − 4a1(q1p2 − q2p1)]ω2 = 0.
The polar equations have maximal rank and then the polar space H(z, E1) has
dimension two, for every (z, E1) ∈ V1(I). Therefore, we are led to the following.
Lemma 6.3. For any (z, E1) ∈ V1(I), the polar space H(z, E1) is the unique 2-
dimensional integral element of (I,Ω) such that E1 ⊂ H(z, E1). According to (6.7),
the set V1(I) is a 19-dimensional embedded submanifold of G1(TY ), and hence any
(z, E1) ∈ V1(I) is Ka¨hler-regular and
(0)z ⊂ (z, E1) ⊂ H(z, E1)
is a regular flag (cf. [25, p. 42]).
By the Cartan–Ka¨hler theorem (cf. [25, p. 42], or [16, p. 81]) we have the
following.
Lemma 6.4. Let γ : (−ǫ, ǫ) → Y be a real analytic embedded curve such that
span{γ˙(t)} ∈ V1(I), for each t ∈ (−ǫ, ǫ). Then there exists a unique real analytic
connected integral manifold Σ ⊂ Y of (I,Ω) such that γ ⊂ Σ. The manifold Σ is
unique in the sense that any other integral manifold of (Y, I,Ω) with these properties
agrees with Σ on an open neighborhood of γ.
This has the following geometric consequence.
Theorem 6.5 (The Cauchy problem). Let s1, s2, r1, r2 : (−ǫ, ǫ) → R be real an-
alytic functions defined on an open interval, and let B ∈ L be an element of the
Laguerre group. There exists an open neighborhood U ⊂ R2 of the origin and a
unique real analytic L-minimal framed surface (U, f,A), satisfying the following
initial conditions
(1) A(0, 0) = B, qi(t, 0) = si(t), pi(t, 0) = ri(t), for each t ∈ (−ǫ, ǫ) ∩ U ,
(2) α20|(−ǫ,ǫ)∩U = A
∗(ω20)|(−ǫ,ǫ)∩U = dt, α
3
0|(−ǫ,ǫ)∩U = A
∗(ω30)|(−ǫ,ǫ)∩U = 0,
where qi, pi, i = 1, 2, are the invariant functions of f .
Proof. Given the real analytic functions si and ri, consider the l-valued 1-form β
defined on (−ǫ, ǫ) given by
β =


0 0 0 0 0 0
0 2s2 r1 r2 0 0
1 1 0 −s1 r1 0
0 0 s1 0 r2 0
0 0 1 0 −2s2 0
0 0 1 0 0 0


dt.
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Let Γ : (−ǫ, ǫ)→ L be the unique real analytic map such that
Γ∗(ω) = β, Γ(0) = B.
We may suppose that Γ is an embedding, by possibly choosing a smaller ǫ. Next,
let γ : (−ǫ, ǫ)→ Y be the curve defined by γ(t) := (Γ(t), s1(t), s2(t), r1(t), r2(t)), for
each t. By construction, γ is a real analytic embedded curve such that span {γ˙(t)} ∈
V1(I), for each t ∈ (−ǫ, ǫ). According to Lemma 6.4, there exists a unique real
analytic embedded solution of the system (Y, I,Ω), say Σ = (A, q1, q2, p1, p2) : U →
Y , defined on an open disk U containing (−ǫ, ǫ) × {0}, such that Σ(t, 0) = γ(t),
for each t ∈ (−ǫ, ǫ). The framed immersion (U, f,A), where f = πL ◦ A, is L-
minimal and q1, q2, p1, p2 are the invariant functions of f . Thus (U, f,A) satisfies
the required conditions. 
Remark 6.6. Note that the functional dependence of the general solutions of the
system (Y, I,Ω) agrees with that of the initial data of Theorem 6.5. Specifying the
initial data of Theorem 6.5 amounts to the choice of four arbitrary functions in one
variable.
7. Generalized L-minimal surfaces
Let S be an oriented surface and let f : S → Λ be a nondegenerate Legendre
immersion into the Laguerre space. Let A : S → L be a canonical frame field along
f . The Laguerre metric (α20)
2 + (α30)
2 and the area element α20 ∧ α30 induced by
A determine on S an oriented conformal structure and hence, by the existence of
isothermal coordinates, a unique compatible complex structure which makes S into
a Riemann surface. In terms of the canonical frame field A, the complex structure
is characterized by the property that the complex-valued 1-form
(7.1) ϕ = α20 + iα
3
0
is of type (1, 0). Taking into account Remark 3.12, the complex-valued quartic
differential form given by
(7.2) Qf = Qϕ4, Q := 1
2
(p1 − p3)− ip2,
and the complex-valued quadratic differential form given by
(7.3) Pf = Pϕ2, P := p1 + p3
are globally defined on the Riemann surface S.
Remark 7.1. The quartic differential Qf was considered by the authors in [43],
where it was proved that for L-minimal surfaces Qf is holomorphic. Notice that
the quadratic differential PF vanishes exactly for L-minimal surfaces.
Definition 7.2. A nondegenerate Legendre immersion f : S → Λ is called a
generalized L-minimal surface if the quartic differential Qf is holomorphic.7
7The name is motivated by the name “generalized Willmore surfaces” (“verallgemeinerte
Willmore-Fla¨chen”) used by K. Voss [66] to indicate those surfaces in conformal geometry with
holomorphic Bryant differential (4, 0) form [14]. The name “generalized Laguerre minimal sur-
faces” was also used with a different meaning in [3] to indicate those L-minimal surfaces for which
the Gauss curvature K is allowed to vanish on a set of isolated points.
27
Remark 7.3 (Surfaces in Mo¨bius geometry). The results discussed in this section
can be considered as the Laguerre geometric counterpart of well-known results
for surfaces in Mo¨bius geometry (cf. [28, 33] for more details). For the sake of
completeness, we briefly recall some of them. Many features of CMC surfaces in
3-dimensional space forms, viewed as isothermic surfaces in Mo¨bius space S3, can
be interpreted in terms of the transformation theory of isothermic surfaces. More
specifically, it can be proved that CMC surfaces in space forms arise in associated
1-parameter families as T -transforms of minimal surfaces in space forms [4, 17, 18,
28, 33]. Minimal surfaces in space forms are isothermic and Willmore, that is, are
critical points of the Willmore energy
∫
(H2−K)dA (cf. [7, 14, 64]). By a classical
result of Thomsen [28, 33, 64], a Willmore surface without umbilics is isothermic if
and only if it is locally Mo¨bius equivalent to a minimal surface in some space form.
K. Voss obtained a uniform Mo¨bius geometric characterization of Willmore surfaces
and CMC surfaces in space forms using the differential (4, 0) form Q introduced by
Bryant [14] for Willmore surfaces (cf. also [11, 12, 33, 66]). Voss observed that Q,
which indeed may be defined for any conformal immersion of a Riemann surfaceM
into S3, is holomorphic if and only if, locally and away from umbilics and isolated
points, the immersion is Willmore or has constant mean curvature in some space
form embedded in S3.
It quite easy to prove the following facts. For the proof we refer to [53].
Lemma 7.4. Let f : S → Λ be a nondegenerate Legendre immersion. Then:
(1) The quartic differential Qf is holomorphic if and only if
(7.4) dQ ∧ ϕ = −4(q2α20 − q1α30)Q ∧ ϕ.
(2) Qf is holomorphic if and only if the Laguerre Gauss map of f has parallel
mean curvature vector.
(3) If Qf is holomorphic, then Pf is holomorphic.
(4) If Qf is holomorphic and Pf is non-zero, then f is L-isothermic.
(5) If Qf is holomorphic and Pf 6= 0, then Qf = cP2f , for c ∈ R.
We are now ready to prove our next result.
Proposition 7.5. A nondegenerate Legendre immersion f : S → Λ is generalized
L-minimal if and only if it is L-minimal, in which case the quadratic differential
PF vanishes on S, or it is L-isothermic with Blaschke potential Φ = eu satisfying
the second order partial differential equation
(7.5) ∆u = ce−2u,
where c is a real constant.
Proof. If Qf is holomorphic and the holomorphic quartic differential Pf vanishes,
then f is L-minimal. If instead Pf is nowhere vanishing, then f is L-isothermic
by Lemma 7.4. Let z = x + iy : U ⊂ S → C be an isothermic chart, so that
the canonical coframing (α20, α
3
0) takes the form α
2
0 = e
udx and α30 = e
udy, where
Φ = eu is the Blaschke potential (cf. Section 4).
From (4.1) and (4.2) we get
Qf = 1
2
(p1 − p3)ω4 = je4u(dz)4 = −1
2
(e−2u∆u)e4u(dz)4.
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Since Qf is holomorphic,
(e−2u∆u)e4u = c,
for a constant c ∈ R, that is
∆u = ce−2u.
Conversely, if we assume that Φ = eu satisfy the equation (7.5), then the right
hand side of (4.3) vanishes identically, which implies that p1 + p3 = ke
−2u, for a
constant k ∈ R. A direct computation shows that p1 + p3 = ke−2u satisfies the
equation
d(p1 + p3) + 2(p1 + p3)(q2α
2
0 − q1α30) = 0.
This expresses the fact that the L-Gauss map of f , σf = [A0], has parallel mean
curvature vector, or equivalently, that the quartic differential Qf is holomorphic.

7.1. Special L-isothermic surfaces and T -transforms.
Definition 7.6. A nondegenerate L-isothermic immersion f : S → Λ is called
special if its Blaschke potential Φ = eu satisfies the second order PDE (7.5), i.e.,
∆u = ce−2u, c ∈ R.
The constant c is called the character of the special L-isothermic surface f .
Example 7.7 (L-minimal isothermic surfaces). Since L-minimal surfaces are char-
acterized by the condition p1 + p3 = 0, if a nondegenerate L-isothermic immersion
f : S → Λ is also L-minimal, i.e., p2 = 0, then the right hand side of (4.3) is
identically zero. This implies that d
(
e2u∆u
)
= 0, and hence the following.
Proposition 7.8. Any nondegenerate L-minimal isothermic immersion f : S → Λ
is special L-isothermic.
Other examples of L-minimal isothermic surfaces include L-minimal canal sur-
faces [42, 46].
Let f : S → Λ be a special L-isothermic immersion. From the proof of Proposi-
tion 7.5, the invariants j and w of f are given by
(7.6) w = ke−2u, j = −1
2
e−2u∆u,
where k is a real constant.
Definition 7.9. The constant k will be referred to as the deformation (or spectral)
parameter of the special L-isothermic immersion F .
We have the following.
Proposition 7.10. Any special L-isothermic immersion is the T -transform of an
L-minimal isothermic immersion.
Proof. According to Section 4, there exists, up to Laguerre equivalence, a unique
L-isothermic immersion f with Blaschke potential Φ = eu satisfying (7.5) and with
invariant functions
w = 0, j = −1
2
e−2u∆u = − c
2
e−4u.
Since w = 0, we have that f is L-minimal. Next, let f˜ be a special L-isothermic
immersion with the same Blaschke potential Φ as f and with deformation parameter
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k. The discussion in Section 4 implies that f˜ is a Tm-transform of f . The invariants
of f˜ are then given by
(7.7) wm = me
−2u, jm = j = − c
2
e−4u.
From (7.6) and (7.7), it follows that m = k. 
From Proposition 7.5, Proposition 7.8, and Proposition 7.10, we have the follow-
ing.
Theorem 7.11 ([53]). A nondegenerate Legendre immersion f : M → Λ is gen-
eralized L-minimal if and only if the immersion f is L-minimal, in which case Pf
vanishes, or is locally the T -transform of an L-minimal isothermic surface.
In particular, if f has holomorphic Qf and zero Pf , then f is L-isothermic if
and only if it is L-minimal isothermic.
L-minimal isothermic surfaces and their T -transforms (i.e., special L-isothermic
surfaces with non-zero deformation parameter) can be characterized in terms of
the differential geometry of their Laguerre Gauss maps. The following result was
proved in [53].
Theorem 7.12 ([53]). Let f : S → Λ be a nondegenerate Legendre immersion.
Then:
(1) f is L-minimal and L-isothermic if and only if its Laguerre Gauss map
σf : S → R3,1 ∼= QΣ has zero mean curvature in some spacelike, timelike,
or (degenerate) isotropic hyperplane of R3,1.
(2) f is generalized L-minimal and non-zero PF if and only if its Laguerre
Gauss map σf : S → R3,1 has constant mean curvature H = r in some
translate of hyperbolic 3-space H3(−r2) ⊂ R3,1, de Sitter 3-space S31(r2) ⊂
R3,1, or has zero mean curvature in some translate of a time-oriented light-
cone L3± ⊂ R3,1.
In addition, if the Laguerre Gauss map of f takes values in a spacelike (re-
spectively, timelike, isotropic) hyperplane, then the Laguerre Gauss maps of the
T -transforms of f take values in a translate of a hyperbolic 3-space (respectively,
de Sitter 3-space, time-oriented lightcone). In particular, the signature of the 3-
space where the Laguerre Gauss map takes values remains unchanged under T -
transformations.
Remark 7.13. As an application of these results, one can show (cf. [53]) that the
Lawson correspondence [35] between certain isometric CMC surfaces in different
hyperbolic 3-spaces and, in particular, the Umehara–Yamada isometric perturba-
tion [65] of minimal surfaces of R3 into CMC surfaces in hyperbolic 3-space, can
be viewed as a special case of the T -transformation of L-isothermic surfaces with
holomorphic quartic differential. (For a Mo¨bius geometric interpretation of the
Umehara–Yamada perturbation see [27, 51]). This interpretation also applies to
the generalizations of Lawson’s correspondence in the Lorentzian [55] and the (de-
generate) isotropic situations, namely to the perturbation of maximal surfaces in
Minkowski 3-space into CMC spacelike surfaces in de Sitter 3-space [1, 2, 34, 36],
and that of zero mean curvature spacelike surfaces in a (degenerate) isotropic 3-
space into zero mean curvature spacelike surfaces in a time-oriented lightcone of
R
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